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“What’s this ?” 

✔ A black hole ? clusters ?? 

✔ Mass ? spin ?? 

✔ General relativity? modified gravity ?? 

[from Google] 



Gravitational waves (GWs) as               
a new astrophysical window 

・ GWs are another very strong tool to investigate  
the environment of around a black hole  

✔ Extremely weak 

Demerits 

✔ Very transparent 
Merits 

✔ Can test the gravity theory 

V.S. 

1.0 km 10-16 km ✔ No direct detection… 



[From Prof. M. Ando presentation] 

How to observe GWs ? 

When GW comes 
in …   

Detect the change of 
the detector’s position 

with interference figures.  



・The GW signal is hidden deep inside of noises 

Need very accurate theoretical prediction   

Correlate with the wave form predicated 
theoretically to extract physical information 

An example (correlation failed):  

Allowed phase 
difference 

:Observed 
signal 

: Predicted 
signal 



Super massive 
black hole Compact object         

(e.g. stellar mass B.H. 
Neutron star. etc) 

Extreme Mass Ratio Inspirals: EMRIs 

GWs source: binary coalescence 
[from http://lisa.nasa.gov/relatedsites.htm] 



✔ Can run around the black hole million times 

[Gair+(2012)] Typical parameters of EMRIs  

・Event rate per a galaxy 

・Compact object:  ・Black hole: 

・Timescale of orbital shrinking via GWs: 

✔ Highly relativistic system. 

・Timescale of orbital motion around the inner most 
stable circular orbit (Schwarzschild case): 



[http://astrogravs.gsfc.nasa.gov/docs/catalog.html] 

GWs forms from EMRIs 
:Inspirals 

・ GWs are classified into three different stages 

Time 
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✔ We focus on the accumulated GWs during inspiral stage 



GWs from EMRIs (low frequency) can 
be detected   by the space based 
detector e.g. eLISA near future (2030 ?) 

[http://www.elisa-ngo.org/:eLISA/NGO] 



Potential scientific payoffs 

and more … 

✔ Precision test of the gravity theory itself 
in the strong gravity field regime. 

✔Accurate measurement of the spin and mass of 
the black hole: fractional error  

[Barack+(2003)] 

[Gair+(2012)] 

✔Measure stellar population in galactic nuclei 

✔Provides the information about growth history 
of the super massive black hole [Hughes+(2003)] 

[Amaro-Seoane (2012)] 



Methods for computing orbital 
motion and waveforms   

✔ Models an EMRI as a small body moves around   
a black hole, while shrinking with GW emission. 

×Post-Newtonian (slow motion, weak field) 

×Numerical relativity (full non-linear simulation) 

✔ Invalid for relativistic system. 

✔ Impractical for long time evolution 

・Black hole perturbation theory (+ self-forces) 



Review: Kerr geodesics    

✔ Can decouple radial and polar geodesic equations 

Carter constant 

[Carter (1968) Mino(2003)] 

・ Three constants of the motion 

・Introduce the factious proper time: 

Kerr 

Compact object 

Stationary Axis-symmetry. 



・ Both radial and polar motions are periodic 

Kerr geodesics in “resonance” 
[Mino(2005), Tanaka(2006), Flanagan+ (2010), Gair+(2012)] 

・There is a special geodesic: the resonant orbit 
The resonance orbit is 
no longer bi-periodic 

: fixed during 
resonance 

Resonance orbit 



[Mino(2005), Tanaka (2005) , Adam+(2008), Hinderer+ (2008)] 

・Next question:                                                                 
How do the EMRIs evolve with GW emission? 

“Adiabatic” approximation 

(Orbital period)  (Timescale of orbital shrinking)  

✔ Focus on the different timescales in EMRIs. 

Oscillatory: not accumulate Accumulate for long time 

・Dominant long time orbital evolution: the osculating orbit 

Orbital frequency 
of the geodesic 



Balance arguments  
[ Gal’tsov (1982)] 

・The body’s energy and angular momentum is related 
to the asymptotic GW-flux via conservation laws. 

・ GWs in asymptotic region is easy to compute with linear       
black hole perturbation theory, well understood. 

[Regge and Wheeler (1964), Zerilli (1970), Teukolsky+(1972) and more.] 

Kerr black hole Perturbations (GWs) 

Kerr geodesic 



[Mino (2003), Sago+ (2005), Drasco+(2005),SI +(2013)] 

Evolution of the Carter const. 

✔ But, the long time averaged value can be computed! 

・ The third const. of motion: Carter constant is extremely 
hard to evaluate: No relation to the manifest symmetry of 
the Kerr black hole. (No global conservation laws.) 

Radiation reaction formula 

Asymptotic amplitude of GWs 
:Kerr geodesic 

✔All terms can be handled in the linear BH-perturbation theory. 



[Flanagan and Hinderer (2010),Flanagan+(2012), SI+(2013, in prep.)] 

Q. What happens if EMRIs experiences the resonance?  

e.g. Jump in the evolution of 
constants of motions after 
transient resonance.                                  
(based on invalid post-Newtonian: 
weak field approximation.) 

Cross the resonance point 
“radius” 

Need to understand of the impact of the resonance 
on the orbital evolution and GW emission of EMRIs. 

✔ Reported                phase errors during inspiral stage 
✔ May remain unique signature in GWs from EMRIs 



Conclusion 

・We derive the simple formula for the long time 
averaged evolution of the Carter constant,     
applicable even to a resonance orbit. 

・Next step: numerically compute the adiabatic 
orbital evolution and waveform for EMRIs. 

・The GWs from EMRIs offers a new window to access 
to the physics around a black hole. 

Basic formulation: now completed. 



糸冬 
(Fin.) 



[ Gal’tsov (1982) Mino (2003), Sago+ (2005), Drasco+(2005),Fujita+(2009)] 

Evolution of the Carter const. 
The long time averaged value is still easy to compute    

1. Geodesic Preserving Symmetry 

2. Enables to use the “radiative force” 

Regular at particle location 

Radiation reaction formula 

Asymptotic amplitude of GWs 

✔ Based on the assumptions:   



Evolution of the resonant orbit  
[ Flanagan and Hinderer (2010), SI+ (2012) ] 

2) Sustained resonance  

1) Transient resonance  

Harmonic oscillator 

✔   varies slowly and leaves the resonance.  

Master equation 

✔ Resonance can last for whole inspiral stage.   

・   also evolves during resonance. 



[ J.Gair (2008) ] 
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