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Working Assumption
[ Gravity is described by the General Relativity. }

— If the difference from GR would be observed,
it would be the time to consider
the modified gravity theory.

— Typeset by Foil TEX — 2



1. Introduction : Basic idea

[1.1 From candidate to itself ]

e Best observational knowledge of BH at present
— BH candidates by Newtonian gravity
{ Large Gap in Physics !!
e BH is a general relativistic (GR) object

— The method to find “"BH itselt” i1s at least
a direct detection of the GR effect of BH.

What is it?7 How can we do 1t?
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[1.2 Meaning of BH detection in GR context}

e Theoretical (mathematical) fact in GR

- Uniqueness T heorem \
Asymptotic flat BH spacetime is uniquely specified

by 3 parameters:
Mgy : mass

Jsn : spin angular momentum
Qpu : electric charge

N y

¢ (I = 0 Is expected for real situations.
— BH is specified by Mgy and Jgy. (Kerr BH)
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e Define the meaning of “direct” detection of BH

. BH Detection is ... x
To measure the parameters M and y

by detecting the GR effect of BH.)
G Mpn
" ‘cm)|
a
o Dimensionless spin parameter: y = i no-dim)|

N

¢ Mass In length scale: M =

(usual spin parameter: a = Jgy/(Mpuc) |[cm])

o Kerr BH horizon radius: rpgypy = M[l + /1 — XQ}
= 0< x <1
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[1.3 GR effect of BH as our target }

e Target : Spinning BH Gravitational Lens (SGL)

e An ideal situation we want to observe:

¢ Clear environment around BH except the source

¢ Burst-like and spherical emission
seen from the source

@ source % Wy :"0th ray”

©  (primary ray)
earth ) }
Wi Wy :"1st ray

(secondary ray)
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- Basic fact in our situation
Observing two quantities of SGL

JAN R . Time delay

F of Wy and W, |,
Robs = L Flux ratio ’ :

F
gives the BH paramoeters (M, x),
if the inclination angle 0,
the source’s motion (Zs, i),
and the source's emission spectrum I(vs)

‘are known.

— What should we do with observation?
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e Steps for extracting (M, x) from observation.

(a) Theory:
Prepare numerically the date set of (Atons, Robs)
with various values of (M, x ; Oops, Ts, Us, Is).

(b) Observation:
Observe the target (BH candidate) and
take the data (Atgps, Robs) as many as possible.

(c) Comparison:
Make the table from (a) and (b).

— See the next page - - -
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o If this table is obtained by steps (a), (b) and (c),

obs. data | corresponding theoretical data by step (a)
(Atobs, Robs) (]\47 X ; C) ] C — (eobs ] fs, ﬂ:s, IS)

(1.32,0.27) | (9.0,0.15Co) , (132,08 |:Cp) , (58,08;Cf) , -+

(4.05,0.03) | (32,08[:C), (21,09;C) , (1.9,05;C)) , -

(794 ,1.04) | (0.8,03;Cy) , (74,0.9;Ch) , (3.2,08];CY) , -

(9.28,0.44) | (32,08 [;Cy) , (45,05;C4) , (1.9,05;Cf) , ---

— then we suggest (M, x) = (3.2, 0.8)

This talk discusses the steps (a) and (b)
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2. SGL’s Observable Quantities

[2.1 Setup for numerical calculation}

e Input parameters: M , x, Oops, Ts, Us, I5(Vs)

e Qutput parameters: At s, Robs < | | calculate

e Back Ground: Kerr spacetime these quant.

ds® = gy dt*+2gs, dt dp+ g dr° + ggg dO* + g dp°

G = gu(r,0; M, x) determined by M , x
ot =(t,r,0,p) Boyer-Lindquist coord.

— Typeset by Foil TIEX — 10



[2.2 Steps to calculate (Atqns, Robs) }

Stepl. Solve Null Geodesic Eq. which connects
the source and observer (semi-shooting)

— Time delay At is obtained.

Step2. Solve Geodesic Deviation Eq.
— Visible solid-angle A() is obtained.

Step3. Specify the source’s velocity 1, and
specific intensity I (vs) [erg/scm? Hz ().
— Flux ratio Rs IS obtained.
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[2.3 Stepl: Null geodesics, At and Doppler}

e Some notes on Kerr BH :
¢ BH horizon at t =const. is the sphere of radius rgy

rpn = M1+ /1 —x2] [cm]
o Ergo-surface : 1oy = M |1+ /1 — x%cos20 |
— Radial motion (6, ¢ = const.) is
impossible in the ergo-region r < rep, .

— Any object rotates with BH spin in "r < rg," .

¢ Geodesic motion is “three-dimensional” in general,
except for on the equatorial plane 6 = 7 /2.
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e (Null) Geodesic eq. in Hamilton's formalism
" 2"(n) : null geodesic

|  ku(n) : tangent 1-from
— In Kerr spacetime, (n : affine para.)

ky = (—e, ke(n), ko(n), 1)
1 1
¢ Hamiltonian : ‘H = §kukyg“”(x) (z §k2)
At _on dk, _ oM
dn 0k,  dn  Ox*
— Solve these six ODEs numerically.

¢ Dynamical Variables : <

¢ Hamilton's eq.:

x+ note: dH/dn=0 = k*=0 holds automatically
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e Solving null geodesic eq.
by semi-shooting: /“m?\
AN

o Fix rops, Ts

o Shoot light rays in
many directions at

-
T,

o Store necessary data
at every point
on the sphere of radius 7,

then - - - (ex. rons = 100 1Y)
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Some examples \—f“’"ray,Wl

of light rays: AN These rays reach
M=1.0 . Caustics™. the same observer.
v =0.8 | R | -
N \ — 5
Is = 2.2 1By T \\\ | Caustics
95 =0.71 r]'ay . R\ |
Iobs = 100 I'BH 5----“’” o 0 ¢
Oobs = 9T/31 -
Qobs = T/12 I‘ETy \\ Equato pf
| R A A S ‘\ ergo-region | _,
Higher winding ouree .
rays are omitted. 5 of rays -5
0
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e Time delay At Is read from the “r-t plot”
of the primary ray W, and secondary ray W;.

r - t plot of rays M= 1.0

¥ = 0.8

I's = 2.2 I'BH
¢s=0

I'obs — 100 I'BH

Oobs = 9T/31
(Pobs — 7'5/12

e Total Doppler effect:
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[2.4 Def. of Specific Flux: preparation for next}

e Observed Specific Flux [erg/s cm? Hz]

Vobs 3
FobS(Vobs) — obs(Vobs) AQobs — ( L ) IS(VS) AQobs

VS
. M
freq. at observer : v s = uobsku‘obs
. . . L _ M
freq. at emission : vg = v(Vops) = —Uk k:“‘s

where
Visible Solid-angle : AQ s

Specific Intensity : I(vs)

s see next fig. lerg /s cm? Hz ste-rad]
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Lobs(Vobs)

o [flux/ste-rad] SOUICE
Liouville's =
Thm:
I(i)))bs L % Fobs(vobs)
VObS VS ___," — Iobs A-gzobs
AL s [erg/s cm: cm2 Hz]
[ste-rad] ~—7 T
o “specific’ = per unit frequency

o Intensity I(v) is the flux per unit solid-angle.

x |ste-rad| is the unit of solid-angle.
(Full sky = 47 |ste-rad|)
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e Why the specific intensity I(v) ?
— I(v) [erg/scm® Hzste-rad] gives a useful
scalar quantity along each null geodesic!

. The scalar quantity along a flow line \
The collisionless Boltzmann equation (applied to
photons) reveals the following qunatity is a scalar
along each flow line (null geodesic):

I(v)

——— = const. along each tlow line
v

N J

x ref: Misner, Thorne & Wheeler, Gravitation, p587
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2.5 Visible solid-angle — Step2

e Geodesic deviation

where A, = “area swept by DY*#/dn(0)".
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e Null geodesic deviation eq. (Jacobi eq )

o A null tetrad basis: e ={ Kk, " 6<) eé)}
0 —1/0 0
-1 0100
Grur®(a)€(b) = 0 010 ab=*k11,2)
01

— Parallel transport along the null geodesic k*(n)

k"(n)V ey (n) =0 -+ solve numerically
— Tetrad basis “field” e, (7)) on the null geodesic.
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¢ Tetrad component:

¢ Jacobl eq.: = —Rmn () (a) (K) Y

(Tetrad component of Riemann curvature tensor)
— (a) = (1),(2) - -+ by symmetry of Rmn",_,

— Solve these two ODEs numerically
to obtain Y#(n)

— Area element A Is calculated.
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[2.6 Step3: Flux ratio}

. 0
o Observer 4-velocity : ul, = Y
— Vghy = obskﬂ‘obs = —k. (const. of motion)
e [nput source’s velocity u¥
tangent of

— g Him) -
s usk“}nz() k) S null geodesic

— Vs = Us(Vops) Total Dopper effect is obtained

e Input specific intensity at source I (vs)
— Flux Fops(vops) is obtained !
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[2.7 Ex. of numerical results: preliminary}

e Parameters of next figures: 05 - obs.
O

o Configuration: > ) erH_:\ R
o BH: (M, x) = (1.0, 08) - S

o Source velocity:

u =(1.49, 0, 0, 0.05)
12
— T
31
o Line emission: I (vs) = 6(vs — 1e) , Ve is const.

\\

~

\_/

source at §—t/2 , =0
o Inclination: 0., =

o Emission at v. — Obs. with v,40) and vg41)
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e Calculate Atgng, Fons1)/Fobs0) s Yobs(1)/ Vobs(0)
at every azimuthal angle of obs. s

¢ coloring of s

o hor. : Atops/M — ver. : Fj

Fy/Fo)

035}

0.30
0.25 [
0.20
0.15[

0.10

0.05 |
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0

— 27T

color

R—-G—>B

Good for Obs.!?

At

/F0(|eft) : Vl/V()(right)

V(1Y Y(o)

13}

0.7~ 1.3
Band Width OK?
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e Replace with uf = (2,77 ~1.0, O) /
the other parameters are the same |

Fiy/Fo) V(1) V(o)

35[

r \, e
3.0f \|_—

25[

20 Pobs(1) 100~1

10F

in [« == 1
5 10 15 20 25 5 10 15 20 25

¢ Various values of R IS possible!
o Typically O(Atgs) ~ O(mrs) (= 10 for this case)

= T here should be the case which is
detectable by the present telescope capability!
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2.8 TFEDEEE T OB AT AN
o Yl : NICT FE S 34m &K B 1= i

FO S
S/N @ Ry = —2 /26 0t
Fsefd

O VAT LMY ¢ Fiq = 300J)y
o BRI N> RE @ dv = 1024MHz

IR S T B RS (NICT)

& %ﬁjﬁl ferjthﬁEﬁ : 5t — 6(0sec VAR 72 2 )L — 7 HP & b
O 'fl:l 7?1:{53154/__27% . Rsn > 6 (1Jy _ 10_26W/m2Hz)

— FRH AR AR DR S« Fs > 0.005)y
0.005Jy PA_E DYERRDEN T T E 5,
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o BIHIXIR DA : SgrA*

— BRI 7R R AT 0 1)y

— Wy (primary ray) OFREDIRE : Fy = 0.1Jy
— Wi (secondary ray) 2MEHIAIRE T H 5 7z DI 1T

I
Fi > 0.005)y = | Rops:= 2 > 0.05
0

IREDERFE MR T (AtobsaRobs) D
EUATBEE N EAFCTE 5 |
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|3. SGL in the Light Curvel

[3.1 Indication by sec.2j

e The ray W Wo r-1i plOtV\(I)lf rays 1\)/({: .
PaSSES . gl = At > Is i2.2 IBH
NO causitic. | obs ?Pz;g.m

s The ray Wy | /CHS iy
passes gL Qobs = /12
one caustic. = — - — '\:\3\15.' AR

— The effect of caustic on the light curve
may be important for the observation.

— Typeset by Foil TIEX — 29



[3.2 Gouy phase shift: wave optics issue (not GR)}

Phase shift of waves
when passing the caustic
(an interference effect)

¢ positive freq. mode caustic
— phase shift by —7 /2
¢ negative freq. mode ’ For one beam
— phase shift by +7/2 ) cross section = {
. P A\
= ex. cos(wt) <> sin(wt) p—

— This is the Hilbert transformation of wave form.
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[3.3 Expected feature of light curvej

e Gouy Phase Shift Iobs(tobs)

& Hilbert trans.
of wave form

e Observed Flux

“GPS” light curve

1
obs ‘Eobs‘Q WO /U\
(E.s ¢ amplitude) t>
obs
Principle of observation \

Fmd the GPS (Gous Phase Shifted) light curve from

the time series data taken by a telescope.
Then, the delay At.,s and ratio R are obtained.
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|4. Summary|

e "Direct’” BH detection is
to measure M , x through GR effects.

e Focus on the Spinning BH's Gravitational Lens

e Obs. quantities (Atys, F1/Fy) seem to be

detectable by the present telescope capability |7
— Already estimated for a radio telescope in Japan.
How about X-ray telescope 7

e Light curve — the Gouy effect may appear.

o If v(1)/1(0) is also an observable, it is useful.
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