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* Stellar Orbits Around the Galactic Center Black Hole
A. M. Ghez et al, ApJ, 2005, 620, 744

* Measuring spin of a supermassive black hole at the Galactic centre - implications
for a unique spin,
Y. Kato, M. Miyoshi, R. Takahashi, H. Negoro, R. Matsumoto, M. N. Letters, 403, L74 (2010)

* Relativistic Jet Activity from the Tidal Disruption of a Star by a Massive Black Hole,
D. N. Burrows, et al. , Nature 476, 421-424 (25 August 2011)
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* An origin of the radio jet in M87 at the location of the central black hole,
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Where is the black hole power Hadaetal (2011)
transported to?

Relativistic Jet : Its origin is still unknown.
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Figure 1. Schematic illustration of the method. Pairs of photons are emitted at slightly different proper times along the orbit, in precisely the right direction to reach
the observer. Finding these photons is a boundary-value problem, and once found, cach photon pair allows us to calculate the redshift at that point on the orbit by
evaluating Equation (5). Left: Minkowski photons, which move in straight lines. Middle: Schwarzschild photons, which are lensed. Right: frame-dragged photons.
The time difference between the emission of each photon in a pair has been exaggerated here for visual clarity. Note that it is only the star’s unrealistic proximity to
the black hole that allows for such a visible depiction of the different effects.
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the velocity of the star S2 at pericenter
v~ 5 x 10° km/s

— 1.

The weak-field Schwarzschild effect on the stellar
orbit, which contributes to redshift at @(B3). For S2 it is
~7 km s~!

. The frame-dragging effect of black hole spin on the stellar

orbi i rbs the redshift at O(8*). For S2 it would
bel~10~! km s~! for maximal spin.

. The weak-field Schwarzschlld effect on the light traveling

from the star to u es a redshift perturbation at
O(B>). For S2 it is ~2 km s~ I.

. Frame dragging plus next-order Schwarzschild perturbation

of the photon paths. These contri °) to the
redshift, and we estimate these as.~10~2% km s~! for S2.

Angelil & Saha (2010)
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Fig. 3. Theoretical emission line profiles for a non-rotating black hole (left) and a rotating a = 0.998M one (right). The effect
of changing various parameters is shown: viewing angle ;. (top), emissivity index p (centre), outer radius rg,t (bottom).
The integrated line flux is in arbitrary units. All profiles are scaled to unity for better comparison and smoothed with a

cubic spline for better outlook.
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(ry:05:9,)
! Bray, I., Phys. Rev. D34, 367 (1986) % £, (1988)

3RDA—F—F TDARARIZD\WTIX Ishihara, H., Takahashi, M., & Tomimatsu, A., Phys. Rev. D38, 472



APPENDIX: DEFLECTION OF THE LIGHT RAY Ishihara, Takahashi & Tomimatsu (1988)

BY KERR BLACK HOLE
The spatial orbit of a null geodesic joining two posi- where integrations are performed along a path
tions (r,,6,,é,) and (r,,6,,4,) is determined by the equa-
tions Fs—=Tmin—"0» 0;—0 0 /max—6, > (A3)
r_ldr| _ pe_|d6|
— f , (A1)
J [R(r)]'7 / [6(6)]' and
rr242mr(a —A) R(r)=r[r(r’*+a®) +2a’*m]—4amri
¢o_¢s=f 12 ldfl
A[R(r)] 2 5
—(r*=2mr)A*—An, (A4)
8 Acot’d
de| ,
J [6(6)]'/2 |d6] s 6(6)=n+a’cos’d—A’cot?6 . (AS)
m , a Tmin"rmin < m
T'min Tmin To T's T'min 7Tmin
[’ _Ldr | ~ron 21+t D [w(1—3a 9+ Lm *—15am *X) +4m —8mak
[R(r)]'?
rS +r0
+ 127 3 4+ 10ma > — 16ma 2] — — . (A8)
s'o

Next, we integrate the right-hand side of Eq. (A1) to obtain the result

f" | dé | — T fo-i-/w do _foo dé
[6(6)]'? 6, [0(6)]'2  ~ bain/mar [6(6)]'/2
..r:gi’;"’(1+%az)(l-%a 2ﬁ){w¥érctan[(l+%a 27))coto,]3Farctan[(l+%a 2?))cotm,]} ,
(A9)



51.3 AR [EET v IR—ILHIMEDEAL ¥ XH, GELETE)

(1) Bray (1986) DEHAR

HELTWE7 79 7F—VBENV AL LTERALTWR EEDENL VYV ABRZHIVTA L),
77y 78 VOHEE M, fAl#EE J LT5L, 77V 7RIV OHEDOHRIE, AEYNRTA—
¥ a=(GJ/?)/(GM/c?) iIck->TitidEd N5, 7L, |a| < (GM/?) TH 3.

779 7R = NVOHBEOMRZID ArLs7-9, g.g.'miﬁ'&d\EM a(= a/rmin K 1) D2RDFA—
Y—FT2EZ5, ZDOLE, AXLTIHHELEZ A0 L A¢ 1F, T LI IcHiREN S 1

bending angle as = +_E ;- 5#;‘:’? 52 +0(3) (51.3)
A=60,+60, —7 0 1
pcos o
No— i n D6 = 4MME+1s (1 x B 5) S2g. T 0@ (51.4)
(0) (0)
5= AN — 8Mah + “fT’TMz— ( i ":m) . (51.5)

ThH5d, ZORARZHNVT, 79 v 7F—=—INVOHEOEEDN, BEHLVV/ ARICED L S REIEZ KL
yiat i EaN

—7T'o Sin B, 4
A~ 51.8
V/BE +of + (1o — Bicot 6, ) \8L.8)
ror/ B2 + a2 cos2 6,
N il \/ﬂ‘ ‘ (51.9)

/B2 + a2 + (ro — Bi cot 65)?

’5:?%6 ﬁiﬁﬂ%‘i)§+ﬁiﬁ75G:b)5 (’I‘o >>7'min) < &%#ﬁTa é’., i‘.ﬁ‘iAN —sinﬂoai, \/ﬁNﬂl E‘.
5. £, rmin= /A2 +n+O0(M) 2153,
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Accretion Disk

B H = r i n g w E i— ﬁ l[jﬁq(:?gmpmc V7

> y FPoe LB INT A —43
JEDHHFR % 1 < :
i Py 2oL THEET 3

DU JICEREL 72 5
BLE & A %2 KA

liml

5:_'73 %ﬁﬁﬁs Observer

LNRF
j] % (at the Observer)
75“}7Z€E+§  Panton (1977)

= a=0.1M : a = 0. 5M
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RPN BRI X 5 &, BHZWENFOME) X &z/MER O [FE
5 / ds =0 (1.32)

ICEkoTHRES, ZOFEBICENE, FFOMARIZEZ SRR ZHESEHMRE RS —
SDEGEERERD, BED IRIGEMTIE—RZERERICYIDT 5, T, HARE ds 13,
PTFDEHIcHBL L TES

ds = (gasz®2")/2d\ (1.33)

ZIZT, 2*=dz®/d)N=p* =mu® THH, N BHARICR>HERBDONAIA—FTHs, I
&b,

5/ds—6/ ap®?zP)/2d\ = J/Ed/\ 0. (1.34)

LT B, STTLRIFTF3vY TV THE, ZORFOEBNICNL T, (1.34) BEETE7:D
Wik 7507y

= (gapt*a”)!/? (1.35)
IZXf3 % Euler-Lagrange /73
d (0L 0L _ d’z® _ dzP dz” _ 0
d\ \ 0z« oz ds? T8y ds ds

PR INLZTNUER ST, Thefd 2L TRNFONFHBRBFoNS,

g ()p"'p” =m>  for particle

g (z)p*p” =0  for photon



(ii) | 74 2 F VIBRR
Hamiltonian function ¥, H=pp*=0IC& DV EZX 603, Tk, XROMEBEITERIZ,

X Hamiltonian’s canonical equation:

0z*(\) _ 0H(z%pa)  Opa(N) _  OH(zpa)
ox OPe ’ ox Oz

7% (geodesic equation & Fffi& % 5), ZO—PEOENEITTERZ, V7 7y ZERET
BAERICBRT IE X v, KD 6 —E DRI 72 > 7, 2° =constant HA3KI & 7% 5,

(1.74)

a = 0.§9m1

Wave Fronts

_______

i

- -
- -

B 1.7: A —FZ (HEET % BH OHE) T8 26808 (left) & ¥k (right).,
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The Observed Flux F_,, (for disk image of a thin disk ; Page & Thorne 1974 )

The time-averaged flux of radiant energy, F(r), (energy per unit proper time 7 per unit proper

— area A) flowing out of upper face of disk, as measured by an observer on the upper face who

orbits with the time-averaged motion of the disk’s matter

(1.93)

where M is the time-averaged rest-mass accretion rate. We define that a. = a/M, z = (r/M)'/?,
zo = (Tms/M )1/ 2. The function f is given by

\
I 3 1 :
= —zo — (3/2)a,l
: f oM $2($3 — 3x+2a,) [Z o ( / )a' n(I/:EO) :
: ~K(z; 1, T2, T3; a4, To) — K(z; 22, T3, 715 00, To) — K(z; 23, T2, T1; 04, zo)] 1(1.94)
q
Y 5 = = = = = = = B N N N N N N N O N O B I B B B BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN »
where 3( )2
1 — Q. r— I
K ; . . ; ®3 b ln . 1-95
(331, 23, 253 0., T0) z1(z — z2)(z1 — 3) (-'L'o - -'1?1) (1.95)
ERIZBWT zg = (rms/M)Y/? T marginally stable orbit (XI5 L,
1/211/2
zo = [3 + Zo —sgn(a.) [(3 — Z1)(3 + Zy + 225)] ] , (1.96)
. 1/3
Z, = 1+(1-a®)"3 [(1 +a) "+ (1 —a.)1/3] , Zy = (3a2+2ZH)Y2 . (1.97)

¥, z1, 22, z3 13, ™ = 3Mr +2avVMr =0 DT,



IS NG 7 T J AL Fos=g* Fomi

The Observed Flux F;. (for Line profiles)

From the relativistic invariance of I,,/v® (= I./E®), i.e., IS /v3,, = IF™/u2,,, the observed

flux distribution F,, is given by !
dF°%(Eobs) = I°*(Eobs) dO = (Eobe/Eem)*I*™ (Eem) dO (1.87)

where d© is the solid angle subtended by the disk in the observer’s sky. Here, we define the
redshift factor (GR version of Doppler factor) as

S E EEEEEDE DS DS DS D EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE® N
|
I Vobs Eobs (pa u“ )obs (pt u )obs :
o = — = = =4 |1 + 2 Lm . 1.88
:‘ I Vem Eem (Pat®)em peut(1 + Qpg/pt)] (po/pt) ,I )
where 2 = u®/u’ is the angular velocity of the emitting particle and
P y
| Ul = (g + 20060 + gouQ?) VP =6y (1.89)

is the gravitational redshift factor for the rotating emitting matter. Note that u’,, = 1 and
Pyt = p"bb The value of constant p, /pe(= —A) is determined by the angle between the rotational

direction of the emitter and the direction of the photon trajectory at the disk surface (Luminet
1979) 12,



2999 A0 :

A /N

300

a=0.1m

250

B 15
200

150

100

50

0
0 50 100 150 200 250 300

U2 JDE=E

AEVR a=09m

300
250

200

150

100

50

0
0 100 150 250 300

;DWMEsjféa
“‘ﬁlﬁlizsh_&%

OERlic X BBVWE—I VIR GLFADZE(L)
+ BENFZICESZENL VAR (—figtExd

IES)

-1 1.5

0.5

0



*’E@é&o)§1b : 0 =04m

A/ a=0.1m AEVYR a=09m
300 10 300 ~— 1.2
250 =i 250 1
200 -- 0.8 200 0.8
150 150

100 100

50 50

0
0 50 100 150 200 250 300 0 50 100 150 200 250 300

Dy gonEslckd Ry TS5—R FTIWE—Y &L o1
+BRYTS—ME (EHARRDE) BRI iR 7 &
+ BENBICLZENFSRERE (—RiEEHNE)




|
&
©
O
0
=

a

aonn 300 am 2
250 250 250
1.5
200 200 200
150 150 150 1
100 100 100
05
50 50 50
2 2 2 0
C 50 100 15C <00 250 300 C 50 100 15C <00 250 300 C 50 100 15C <00 250 30
1.2 anm 1.2 am
1 250 1 250
08 200 08 200
0.5 150 0.5 150
04 100 04 100
02 50 02 50
0 2 0 2

300 C 50 102 15C 200 250 300

300 C 50 100 15C <00

n
o
L=

C 50 100 15C <00 250 300 C 50 100 15C <00

n
o
L]



SIS O A I w7t TH S 2 TE R EXHR
FOMNFC CE LA E LT e o

lToy models

* nﬁf;

IREIBEICT7 7 v 7 AGtE —

-
0

R ANY MIVEtE (SRR

B b AHEEETN — BEESHDOTVY7L—F =2 g%

o RINHGEL : EFRIEAZBREDFIHE — Z->TRZZRVAEES ?

+ RS c RIEDE TV (<2 F VBT 2 578 % 5

_l[A/:: S
+ B

=

HRTHADL — Wz ir L 7HRERRIR DR E

.



H-> EANAEIE ?

ERA R HILD
72w 7 iR—ILiEEDIRSETIH
BH+ & AMEE 7 = ) REVIBIERE




72y 2ih—=ILEAL ?

« NAKEBEFRLTWSDIESD. « .

e BRFUTWK HRBFEILLES (- gRElIcCE5)
TS5 v O R—)EREEEITEBVNTWEINS CZF. FhEhh 3

e 75w I R—ILBRITIHSLL]
LhLans, B AR ZERICEZEUTEZS |

. BIBHBBE. TS5y IR—ILhSBNTIBFIC BB ES
(BB DHDERT 3)



729 7ih—=ILiE5
SR DRNER BRSBTS !

BZEADLDERS (TSR DEEPREEICHKS I lc—7E
= flcE>TH—TEDZES CRZAS

AHZAPIKGEERER TDIEREILEL E 5,
AltRIc. EJ1IED DS EREEITIEL XS,

YZEUIHET /KT DR A IEEL 18D

c Ky T75—R., E—=2VJUR
e EIRIZEBEMI 5. ENFAHRE



(=7 HEcAEYDH T
Y

25w Dih—)

FED@?J“Z#J\EK c ¢ w2 NRZ5EFT |

HEELTWBIES

~ Event Horizoh .

i A

55 IcEDSAlA
BH5<7%%5 R Takahashi

RS ESR




<HERFRICLZFEH>

ﬁﬂ% I:F"E\*y(%ﬁﬁ ‘: 1@‘ b‘{ai % h\ ? R.Takahashi & M.Takahashi

fEEABHIBDIRDT v I h—ILE F5w oih—IL EZEIC
FHOERE IA—A%1 #RZ23! ?

R.Takahashi R.Takahashi

HEULTWSES WED D SHE

75y 7 K—ILOES THEHEN B 1.
MEORT SAMEVNTVEESIKRZS



b

4@ | #zEsE | #E |

AT G e e -

Iﬂ ‘ : ; tha.lsl

*,&%ﬁ%fe—;m\fﬁj@%#av% (B 7UTRE M)
T Lty BARFOHE B2 BE

S L

g '}' ’:“ 1

e
57 Brasil
oy Brazi

Teecantina

mﬁw*ihg\9fbl

)
eNsar Bolivia LaPaz 5300m e
““The highest Ski Slope in the world T
' Co‘imlc Ray Obs"vatory Uber mdla
" s CGerro.Chacaltaya

| g n A o °3fn“3:etc
Mato Grusso O e
3 g i e _tﬂ‘,,o-.'l [ | du Sul R:)Jri"

1000km~ 2000km DN—XZ14 2 DNhE ’ S0 Paulc
ﬁ‘ Paraguay Lerl'ﬁo C:Imp'naso )
s l“'illb
3 erabel statlommom st
°
‘ chit ' ; s O -onvila

2400m  ® By o R it g

SEST15m# (Closed, but alive) & AR ol

. . 1“;’ : :‘ 'P ; .f
. w '! - = | Foto Alagre
. ; s 43
%
_S&'m‘.igm




Signals that span the globe

Through a process called very long baseline interferometry,
@® Currently used the Event Horizon Telescope would combine data from more
© Planned member than a dozen instruments operating in sync around the world,
® Possible additions from Arizona to Spain to the South Pole.
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